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Abstract
In this paper a Weyl geometric scalar tensor theory of gravity
with scalar field φ and scale invariant cubic (“aquadratic”) kinetic La-
grangian is introduced. Einstein gauge (comparable to Einstein frame
in Jordan-Brans-Dicke theory) is most natural for studying trajecto-
ries. In it, the Weylian scale connection induces an additional accel-
eration which in the weak field, static, low velocity limit acquires the
deep MOND form of Milgrom/Bekenstein’s gravity. The energy mo-
mentum of φ leads to another add on to Newton acceleration. Both
additional accelerations together imply a MOND-ian phenomenology
of the model. It has unusual transition functions µw(x), νw(y). They
imply higher phantom energy density than in the case of the more com-
mon MOND models with transition functions µ1(x), µ2(x). A consid-
erable part of it is due to the scalar field’s energy density which, in
our model, gives a scale and generally covariant expression for the
self-energy of the gravitational field.
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1 Introduction
Shortly after Milgrom originally proposed his modified Newtonian dynam-
ics, MOND, as an explanation for the observed anomalies in galaxy rotation
curves, he and Bekenstein showed how a MONDian dynamics could be de-
rived from a Lagrangian of a scalar field φ. It involved a kinetic term of
the scalar field, proportional to f˜(a−2o (∇φ)2) with a non-linear functional
f˜ [6].1 A case distinction between the Newton regime and the MOND
regime had to be inbuilt into the functional f˜ . In the appendix of their
paper they indicated how their “a-quadratic” (AQUAL) Lagrangian could
be adapted to general relativity in a Jordan-Brans-Dicke (JBD) framework.
This approach was the first of a collection of different attempts to cope with
MOND phenomenology in general relativistic frameworks (TeVeS, Einstein
aether, and others). The relativistic a-quadratic Lagrangian approach it-
self (“RAQUAL”) suffered from certain deficiencies noticed by the authors
from the outset: gravitational waves appeared to propagate with velocity
greater than that of light; gravitational lensing and cluster dynamics could
not be accounted for. Moreover, the different conformal aspects in JBD the-
ory, “Jordan frame” and “Einstein frame”, entered the analysis in a rather
unclear way, typical for JBD-theory at the time.2
In the meantime it has become clear that such different, conformally re-
lated, “frames” are better analyzed in terms of integrable Weyl geometry.
There they reappear as different scale gauges of the (conformal) class of
pseudo-Riemannian metrics.3 But, alas, the Weyl geometric approach to
gravity is not yet well known in mainstream gravity theory. Therefore this
paper starts with short introductions to (integrable) Weyl geometry (section
2) and its consequences for gravity theory (section 3) in order to make it rela-
tively self-contained. We then analyze how the original AQUAL Lagrangian
can be put into a scale invariant form. Scale invariance constrains its form
strongly. In its most simple form it is given by a cubic expression in the
gradient of the scalar field. In Einstein gauge, the scale covariant coefficient
of this term turns into a constant a˜o which plays a role analogous to the
MOND constant ao, but is not identical with it (section 4).
The conceptual clarification achieved by this move is striking: In the
weak field, static, low velocity approximation the metrical representation of
the Newton potential is kept intact for the Riemannian component of the
Weyl metric, while the Weylian scale connection induces an additional accel-
1ao denoted the typical new constant of the MOND hypothesis, ao ≈ 16Ho [c], Ho the
Hubble constant in time units, c the velocity of light.
2Still in later presentations Bekenstein conceived the Jordan frame as “the metric mea-
sured by rods and clocks, hence the physical metric”, while Einstein frame played the role
of a “primitive metric” which governed the Einstein-Hilbert action “in order not ot break
violently with GR . . . ” [5, p. 5f.].
3[38] or [48, sec. 3].
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eration for the dynamics of test bodies. It has the scale invariant form of the
scalar field in Riemann gauge as its potential. The additional acceleration is
part of an extended metrical theory of gravity; it needs no other structural
element (section 2.4). Specifying these general considerations to the case of
a scalar field with the cubic Lagrangian introduced in section 3.1 leads, in
good approximation, to a MOND-like modified Poisson equation very much
like in RAQUAL. But here it governs only the (“anomalous”) additional ac-
celeration induced by the Weylian scale connection, while the Riemannian
component remains governed by the ordinary Possion equation (which will
acquire an additional source term, as we shall see in a moment). Conditions
for the applicability of this (MOND-) approximation are estimated. In the
MOND and deep MOND regimes the condition is satisfied for star neigh-
bourhoods; on larger scales it even may promise a better understanding of
cluster dynamics (section 4.1).
A new feature arises from the evaluation of the energy-momentum tensor
of the scalar field in the Weyl geometric framwork. The most important
contributions to the energy tensor derive from boundary terms in varying
the modified Hilbert action. Here they give rise to an energy density of
the scalar field, which cannot be neglected for the dynamics of the systems
under study (section 4.3). They add a scalar field contribution to the right
hand side of the Newtonian Poisson equation and lead to a second addition
to the Newton acceleration, proportional to the MOND acceleration of the
scale connection. The effect of both additions is to be equated with the
empirically determined acceleration in the deep MOND regime (section 4.4).
This requires the constant a˜o to be 116ao. Then the weak field, static, low
velocity limit of the Weyl geometric gravity theory acquires a MONDian
phenomenology.
The Weyl geometric MOND model has (well-determined, not freely se-
lectable) transition functions µw(x) and νw(y) which describe the transfor-
mation from Newton acceleration to the total modified acceleration, although
only in the upper transition regime to the deep MOND domain (cf. appendix
7.3). To my knowledge, the resulting transition functions have not yet been
considered in the literature; here they are compared with some transition
functions which are in use for modelling galaxies or galaxy clusters in the as-
tronomical literature (µ1(x), µ2(x) and the corresponding ν-functions). This
comparison shows that the so-called “phantom” energy density is higher in
the Weyl geometric model (section 5.1).
A short discussion of the outcome of our analysis follows (section 6).
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2 A Weyl geometric approach to gravity
2.1 Some basics of Weyl geometry
We useWeyl geometry as our geometric framework.4 It combines a conformal
structure, given by an equivalence class c = [g] of pseudo-Riemannian metrics
g : ds2 = gµνdx
µdxν (in local coordinates) and a uniquely determined affine
connection Γ (in local coordinates Γνµν) with covariant derivative ∇. The
two constitutive elements of the structure c and ∇ (respectively Γ) satisfy
the following compatibility condition: Any choice of g in c specifies a real
valued differential 1-form ϕ which depends on g, in coordinates ϕ = ϕµdxµ,
such that the covariant derivative of g is ∇λ gµν = −2ϕλ gµν , i.e.
∇g + 2ϕ⊗ g = 0 . (1)
In the mathematical literature a pair of data (c,∇) satisfying (1) is called a
Weyl structure.5
A change of the conformal representative
g 7→ g˜ = Ω2 g = e2ω g , ω = ln Ω, (2)
with diff’ble functions Ω or ω, is accompanied by a change of the 1-form
ϕ 7→ ϕ˜ = ϕ− d ln Ω = ϕ− dω . (3)
This is the local description of a gauge transformation for the connection ϕ
in the trivial line bundle over spacetime of the scaling group (R+, ·).
The change of the conformal representative g has a natural physical in-
terpretation as a point dependent change of measurement units, of scale (or
“length”) gauge as Weyl called it.6 With basic physical units expressed in
terms of time as the only elementary quantity and natural constants, like
in the new SI regulations, the scale change of length/time units induces a
coherent rescaling of the most important basic SI units.7 Weyl introduced
(3) as a gauge transformation of the scale connection long before the gen-
eral theory of connections in principal fibre bundles was developed, or the
SI headed towards universal natural units of measurements [60]. In his view
the primary data of the generalized geometrical structure were given by pairs
(g, ϕ) under the equivalence ((2), ( 3)). Accordingly we call the equivalence
class
[(g, ϕ)] a Weyl(ian) metric . (4)
Any specific choice of (g, ϕ) is a (scale) gauge of the Weylian metric, g its
Riemannian component and ϕ the corresponding scale connection.
4For more details see, among many others, [1, 7, 36, 37, 47] from the point of view of
physics, for a differential geometric perspective [21, 27, 24].
5 [27, 9, 34, 24].
6Compare with Brans/Dicke’s view, most clearly expressed in [16, p. 2163].
7[8], (www.bipm.org/en/si/new−si/)
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Weyl geometry is closely related to conformal geometry; its main dif-
ference is the unique determination of an invariant affine connection (and
with it a covariant derivative). For any choice (g, ϕ), the invariant affine
connection may be expressed in terms of the (scale dependent) Levi-Civita
connection gΓ
µ
νλ of the Riemannian component g and an additional term
ϕΓ
µ
νλ depending on the scale connection:
Γµνλ = gΓ
µ
νλ + ϕΓ
µ
νλ, ϕΓ
µ
νλ = δ
µ
νϕλ + δ
µ
λϕν − gνλϕµ. (5)
The Riemann and Ricci tensors Riem, Ricc of the affine connection are
invariant under scale change although it is possible, and often important, to
express them in terms of the scale dependent quantities g and ϕ in the form
Riem =gRiem+ϕRiem, with gRiem the Riemannian curvature derived from
the Levi-Civita connnection of g and ϕRiem the correction term derived from
the scale connection ϕ; similarly Ricc =gRicc+ϕRicc.8
The Weyl geometric scalar curvature R = gµνRµν is not scale invari-
ant but scales with gµν (weight −2, cf. below). It is composed from the
scalar curvature of the Riemannian component gR and a term collecting the
influence of the scale connection ϕR
R = gR+ϕR (6)
ϕR = −(n− 1)(n− 2)ϕλϕλ − 2(n− 1)g∇λϕλ
= −6ϕλϕλ − 6g∇λϕλ in dimension n = 4.
Of course, the scale connection has a curvature f of its own. Because the
commutative scale group it is simply the exterior derivative
f = dϕ (scale curvature). (7)
If it vanishes, dϕ = 0, there is a scale choice of the Weylian metric, (g˜, 0),
in which the scale connection vanishes (integrable Weyl geometry). Then the
Weyl metric looks Riemannian in this gauge; but it would be a mistake to
identify it with the Riemannian metric g because the underlying scale covari-
ance group is not reduced to the identity. Even in the case of an integrable
Weyl geometry the group of geometrical automorphisms contains the confor-
mal transformations. It is important to keep this (simple) observation in
mind for the study of scalar tensor theory of gravity in the Weyl geometric
framework.9
Some geometrical and many physical quantities are given by fields X
which transform under rescaling. Mathematically speaking, such fields live
8For explicit formulas see the literature given in fn. 4
9In his reflections on the quantization of gravity ’t Hooft considers “local conformal
symmetry” as an exact symmetry, although explicitly avoiding to make use of the Weyl
geometric framework [56, fn. 2]. Perhaps it would be helpful to give up this methodological
restriction.
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(i.e. have values) in bundles over spacetime with non-trivial representation
of the scale group. A field X transforming by X˜ = ΩkX = ek ωX under (2)
is known as scale covariant field of Weyl weight k. For geometrical reasons
we work with length/time weights, inverse to energy weights preferred in
high energy physics by obvious reasons. The scale covariant derivative D of
such a field X responds to the non-trivial weight; it is given by
DX := ∇X + w(X)ϕ⊗X . (8)
We now see that the compatibility (1) means Dg = 0, i.e. the scale covariant
derivative of the metric vanishes – a Weyl geometric analogue of the metricity
condition for the Levi-Civita connection in Riemannian geometry.
In addition to the notations∇ for scale invariant covariant differentiation
and D for scale covariant differentiation of fields we shall use the notation
g∇ for the scale dependent differentiation with regard to the Levi-Civita
connection of the Riemannian component g of a Weyl metric given in gauge
(g, ϕ).
Weyl geometry connects to physics via different routes. Leaving aside
Weyl’s own idea of a geometrically unified theory of electromagnetism and
gravity, two different research programs developed in the second half of the
20th century. The first one in the theory of gravity (with links to elemen-
tary particle physics and cosmology) characterized by a gravitational scalar
field non-minimally coupled to the scalar curvature, similar to Jordan-Brans-
Dicke theory (going back to M. Omote and P.A.M. Dirac in the early 1970);
the second one arising from a Weyl geometric re-reading of Bohmian quan-
tum mechanics with a scale covariant scalar field in the role of a generalized
quantum potential (opened by E. Santamato in the 1980s).10 In recent years
the gravitational scalar field approach has been taken up in the simplified
form of integrable Weyl geometry. Our investigation is part of this research
tradition.
2.2 Weyl geometry as a framework for gravity
Lagrangians of field theories in the Weyl geometric framework have to be
invariant under scale transformation (conformal invariance). It is advisable
to express them in terms of the scale co- or invariant expressions outlined
above. Weyl himself worked with quadratic expressions in the curvature to
get scale invariant Lagrangians. A similar approach is still used in conformal
theories of gravity.11 But roughly a decade after the advent of Brans-Dicke
theory several authors, beginning with M. Omote and P.A.M. Dirac, for-
mulated a Weyl geometric version of a scalar field φ of weight w(φ) = −1
non-minimally coupled to Weylian scalar curvature R, with a Hilbert-Weyl
10For the quantum potential approach see, among many, [43, 13, 14, 51, 11].
11 [29]
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term LHW = |φ|2R.12 Originally the Weylian scale connection was treated
as a dynamical field with a Yang-Mills like Lagrange term for ϕ.13
It was soon realized that such a field would have a boson close to the
Planck scale. Some authors speculated that the scalar field might arise as
an order parameter of a boson condensate.14 In such a case, the low energy
effective Lagrangian does not attribute an independent dynamical role to the
scale connection because the scale curvature vanishes for low energies.15 The
only additional dynamical effect of the field theoretic extension is due to the
scalar field. A geometrical role of the scale connection remains even in this
case of an integrable Weyl geometry. All this is consistent with the outcome
of Ehlers/Pirani/Schild’s analysis on the foundational role of Weyl geometry,
and the succeeding investigations of Audretsch/Gähler/Straumann.16
We arrive at a scalar tensor theory of gravity (and other fields) with a
Lagrangian of the general form
L = αφ2R+ . . . (9)
L = L
√
|g| , |g| = |det g| ,
where the dots indicate scalar field, matter and interaction terms. Obviously
(9) is very close to Jordan-Brans-Dicke theory (JBD). The crucial difference
is that in our case the scalar curvature R and all dynamical terms are consis-
tently expressed in Weyl geometric scale covariant form and the Lagrangian
remains scale (conformally) invariant for any α, not only for α = 16 . Scale
covariance has not to be broken by hand. There are no “two” (or even more)
“metrics” involved. The notorious question of “physicality” of frames in JBD
theory is brought into a different (and clarifying) light.17 In short, the Weyl
geometric framework brings in more clarity of concepts and simplifies calcu-
lations.
2.3 Scale invariant observables and two distinguished gauges
It is clear how to extract scale invariant observable magnitudes Xˇ from a
scale covariant field X of weight w(X) = k. One only has to form the
proportion with regard to the appropriate power of the scalar field’s norm
Xˇ := X/ |φ|−k = X|φ|k ; (10)
12[31, 17, 32, 57, 58, 25].
13Dirac continued to interpret ϕ as electromagnetic potential, while the Japanese physi-
cists hoped for a new insight into nuclear fields.
14[25, 52, 12, 26].
15Curvature effects can be seen only at lengths/energies close to the Planck scale.
16[19] show that the causal structure and a compatible non-chronometric inertial struc-
ture (mathematically a conformal and a compatible path structure) uniquely specify a
Weylian metric. [4] have shown that, in the WKB approximation, the streamlines of a
Klein-Gordon field approximate the geodesics of the Weyl metric if and only if the scale
curvature vanishes.
17[38, 37, 35, 39, 2, 48].
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then clearly w(Xˇ) = 0.
Scale invariant magnitudes Xˇ are directly indicated, up to a globally
constant factor in scalar field gauge, i.e., the gauge in which
|φ| .= const =: φo , (11)
where .= indicates an equality which holds in a specified gauge only (here
scalar field gauge). In [57] φ is therefore called a “measuring field”. In our
context φ will be strictly positive real valued; thus we can omit the norm
signs in the expressions above. By consistency considerations with Einstein
gravity we have to postulate that in scalar field gauge
αφ2
.
= αφ2o = (16piG)
−1 , (12)
Scalar field gauge with (12) will be called and denoted by
(gˆ, ϕˆ) Einstein (– scalar field) gauge. (13)
Once the context is clear, the hats may be (and will be) omitted.
In integrable Weyl geometry there is another distinguished gauge of the
form (g˜, 0) in which the scale connection vanishes. By obvious reasons it is
called
(g˜, 0) Riemann gauge (14)
(“Jordan frame” in JBD theory). Writing the scalar field in Riemann gauge
φ˜ in exponential form, φ˜ = eω˜, turns its exponent
ω˜ := ln φ˜ (15)
into a scale invariant expression for the scalar field. (Further below, we
shall omit the tilde sign, if the context makes clear that the scale invariant
exponent is meant.) The scale connection ϕ = ϕˆ in scalar field gauge is then
ϕˆ = −dω˜ , (16)
because Ω = φ˜ is the rescaling function from Riemann to scalar field gauge.
Riemann gauge and scalar field/Einstein gauge are the most important
gauges in Weyl geometric scalar field theory. In the first one, the affine con-
nection is identical to the Levi-Civita connection of the Riemannian compo-
nent g˜.18 In the second one, the coefficient of scalar curvature is consistent
with Einstein gravity and the scale invariant observables are directly indi-
cated by the field quantities without further calculation (up to a global con-
stant). We may expect, or postulate, that clock measurements are indicated
by quantities in this gauge.19 Thus both gauges have their mathematical and
physical values and vices; both indicate some physically important feature
most directly, while others have to be extracted by additional calculations.
Both are equivalent mathematically.
18Some authors in the JBD approach consider this as the criterion for the “physical”
gauge [5].
19For a possible physical reason, mediated by a link to the Higgs field, see [49].
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2.4 Inertio-gravitational, conformal, and chronometric structures
Scale invariant geodesics are the autoparallels of the scale invariant deriva-
tive, i.e. paths γ(t) satisfying
∇γ˙(γ˙) = 0 ←→ γ¨λ + Γλµν γ˙µγ˙ν = 0 . (17)
The corresponding scale covariant geodesics arise from (17) by reparametriz-
ing these paths to unit length in any gauge. Their vector fields u(t) = γ˙(t),
defined along every path, are of weight w(u) = −1; then we have g(u, u) =
±1 independent of the scale gauge. They are given by
Duu = ∇uu− ϕ(u)u = 0 ←→ u˙λ + Γλµνuµuν − ϕµuµuλ = 0 . (18)
The autoparallels of (18) differ from Weyl’s scale invariant geodesics (17)
by parametrization only and constitute a class of covariantly parametrized
geodesics.20 They are the autoparallels of a projectively related class [Γ˜(ϕ)]
of affine connections Γ˜(ϕ) depending on the gauge (g, ϕ):
Γ˜(ϕ)λµν = Γ
λ
µν −
1
2
(δµνϕκ + δ
µ
κϕν) (19)
Here the additional term arsing from scale covariant derivation of weight -1
has been underlined. The class [Γ˜] characterizes a projective path structure
[γ] with paths given by (18).21
According to the analysis of Ehlers/Pirani/Schild the projective and the
conformal structure c specify the affine connection and its covariant deriva-
tive ∇ uniquely. As also the Weyl structure specifies the projective structure
we have three equivalent characterizations of a Weyl geometry:
(c, [Γ˜]) ←→ (c,∇) ←→ [(g, ϕ)] , (20)
with [(g, ϕ)] a Weylian metric in the sense of (4). Each of them defines an
inertio-gravitational structure in the sense of Weyl while the chronometry is
still undetermined up to a point dependent scale factor.
As shown in section 2.3, a scale covariant scalar field φ as in section 2.2
specifies a chronometry. A Weylian metric plus a scalar field [(g, ϕ, φ)] thus
determine a full-fledged spacetime structure in the sense of [53]. Remember
that in the case of an integrable Weyl structure ϕ and φ are not dynami-
cally independent but determine each other mutually. Any Weyl geometric
20More generally, a path γ in a Weylian spacetime manifoldM is called scale covariantly
parametrized of weight −1, if to any scale choice (g, ϕ, φ) a parametrization γ : R −→ M
is given, which changes under rescaling of the metric in such a way that g( ˙γ(τ), ˙γ(τ)) is
independent of the gauge.
21That (17) and (18) characterize the same path structure can be verified by the criterion
of projective equivalence for two connections Γ, Γ˜, which is (Γ˜− Γ)µνκXµXκ ∼ Xµ for any
vector field X.
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scalar field theory contains point dependent rescaling as a subgroup of its
automorphisms. The choice of Einstein - scalar field gauge allows to specify
the chronometric structure in an adapted way but does not reduce the group
of automorphisms.
2.5 Additional acceleration induced by the scale connection
Free fall of test particles in Weyl geometric gravity follows scale covariant
geodesics γ(τ) of weight w(γ˙) = −1. Slow (non-relativistic) motions are
described by a differential equation formally identical to the one in Einstein
gravity, but with scale covariant derivatives of the Weyl geometric affine
connection rather than that of the (Riemannian) Levi-Civita one.
Coordinate acceleration a with regard to proper time t for a low velocity
motion parametrized by x(t) is given (analogous to Einstein gravity) by22
aj =
d2xj
dt2
≈ −Γjoo . (21)
Because of (5) the total acceleration decomposes into
aj = −gΓjoo −ϕΓjνλ = ajR + ajϕ , (22)
where ajR = −gΓjoo is the Riemannian component of the acceleration known
from Einstein gravity, and ajϕ = −ϕΓjoo an additional acceleration due to the
Weylian scale connection.
For a (diagonalized) weak field approximation in Einstein gauge,
gµν
.
= ηµν + hµν , |hµν |  1 , (23)
with η = sig diag(−1,+1,+1,+1), the Riemann-Einstein component is stan-
dard:
ajR = −gΓjoo ≈˙
1
2
ηjj∂jhoo , (24)
neglecting 2-nd order terms in h. In the light of (5) and (100) the additional
Weylian component becomes
ajϕ
.
= gooϕ
j .= goog
jj∂jω˜ ≈˙ − ∂jω˜ ≈˙ ϕj , (25)
This shows that in the static weak field, low velocity case and in Einstein
gauge the Weylian scale connection represents an additional acceleration.
Because of (16) the invariant form of the scalar field ω˜ can be identified
with the potential of the additional acceleration (weak field approximation,
Einstein gauge), analogous to Einstein’s identification of the Newton poten-
tial with a metrical perturbation, ΦN := −12sighoo:
aR ≈˙ −∇ΦN = −1
2
sig∇hoo (26)
aϕ ≈˙ −∇ω˜ (27)
22[59, pp. 213ff.] or, for Weyl geometry, [45, eq.(60)].
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3 Weyl geometric scalar tensor theory (W-ST)
3.1 . . . with a cubic scalar field Lagrangian
Our Lagrangian density L = L√|g| contains a Hilbert-Weyl term LHW , a
dynamical term Lφ and a potential term LV 4 for the scalar field and a matter
term Lm, all of them of weight −4:
L = LHW + LV 4 + Lφ + Lm
We assume a classical matter term with w(Lm) = −4 comparable to the
matter terms of the standard model fields, for which test particles follow the
Weyl geometric path structure. The postulate is strongly supported by the
analysis of the stream lines of a Klein-Gordon field (in WKB approximation)
[4], if one assumes a structure-conserving transition from the quantum world
to classical particle motion after decoherence. It can be understood as a
compatibility criterion of the matter Lagrangian with the EPS axioms for a
generalized theory of gravity (Ehlers/Pirani/Schild).23
For covering both signature choices for g, preferentially used in gravity
theory or in elementary particle physics, we introduce
sig =
{
+1 if sign(g) = (3, 1) ∼ (−+ ++)
−1 if sign(g) = (1, 3) ∼ (+−−−) (28)
and a modified Hilbert term typical for scalar-tensor theories of gravity,
adapted to the Weyl geometric framework:
LHW =
sig
2
(ξφ)2R Hilbert-Weyl term, (29)
LV 4 = −λ
4
φ4 quartic potential term of φ, (30)
with constants ξ, λ to be interpreted later. R is the Weyl geometric scalar
curvature, scale covariant of weight w(R) = −2. The coefficient ξ has to be
fixed such that in scalar field/Einstein gauge (ξφ)−2 .= 8piG. So far all Weyl
geometric scalar tensor theories of gravity (W-ST) coincide.
Usually the dynamical term Lφ of the scalar field is quadratic in its (scale
covariant) gradient, i.e. proportional to (Dφ)2 = DνφDνφ . In order to adapt
to our form of the Hilbert term we write it in the form
Lφ 2 = sig
α
2
ξ2|Dφ|2 = sigα
2
ξ2DνφD
νφ . (31)
23 This assumption deserves further investigation. It can be stated as an action principle
for point particles with the scale invariant action: Spp =
∫
φcomp
√
g(γ˙γ˙) dτ (with γ
timelike curves parametrized by τ , φcomp the “compensating field” like in appendix 7.1);
but the question of consistency or derivability would still persist. In [3] it is derived for
a weak extension of Einstein gravity, rewritten scale covariantly using Weyl geometry (by
means of the contracted Bianchi identity applied to the energy-momentum of dust-like
matter, like in ordinary Einstein gravity). This approach might be generalizable. The
condition of EPS compatibility is analyzed in great generality in [15].
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But here we want to reconsider the alternative of an aquadratic La-
grangian proposed by Bekenstein/Milgrom for reproducing the non-linear
Poisson equation of the MOND phenomenology in the static weak field
limit,24
(8piG)−1c−2 f(c2 (∇φ)2) , (32)
where f is a non-linear function and the constant c has “dimensions of length
introduced for dimensional consistency” [5, p. 6]. Bekenstein’s f could be
chosen among a large class of functions (it is not “not known apriori”) and is
functionally related to the MOND specific transition function µ(x) from the
Newton regime to the deep MOND domain. That implies the asymptotic
condition
f(y)→ y 32 (up to a constant factor) for y → 1 . (33)
Assimilating (32) to our context, f will be strongly constrained by the total
weight condition w(Lφ) = −4 and the asymptotic condition (33). The sim-
plest non-quadratic form is f(y) = y
3
2 itself (for y ≥ 0), with a reduction of
the exponent of the factor c−2 in front of f in Bekenstein’s Lagrangian to
−1.
For achieving scale invariance of Lφ we set
Lφ 3 =
2
3
ξ2η φ−2 ‖Dφ‖3 (34)
and add it to Lφ 2 for the kinetic term of φ. Dφ denotes the scale covariant
gradient of φ with components Dνφ; the “norm” ‖X‖ of a 4-vector X = (Xν)
is to be read as
‖X‖ = Re (sigXνXν) 12 . (35)
For spacelike vectors it is the usual norm, for timelike vectors it is zero.25
The coefficient η allows to adapt the model to Bekenstein/Milgrom’s value
of their constant ao. The factor 23 is for convenience. The scale weight of
‖Dφ‖ is −2, thus w(Lφ) = 2− 3 · 2 = −4. The condition of scale invariance
for Lφ constrains Bekenstein/Milgrom’s f considerably.
Adapted to (35) there is now also the possibility to consider
Lφ 2 = sig
α
2
ξ2||Dφ||2 (36)
as an alternative for the quadratic term, while in any case
Lφ = Lφ 2 + Lφ 3 . (37)
24[6]
25As an alternative convention on might consider ‖X‖ = |XνXν | 12 . Consequences of
this alternative convention, e.g. for cosmological solutions or propagation of perturbations,
are still to be explored.
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Although Lφ 2 is scale covariant of weight −4 for any choice of α, the specific
choice α = 6 leads to the effect that in vacuum the scalar field equation de-
rived from the quadratic term Lφ 2 alone reduces to the trace of the Einstein
equation. This property will allow to simplify the total scalar field equation
of our Lφ considerably (subsection 3.3).
The gradient of the scalar field in terms of its invariant form ω˜ (15) is
Dνφ = φ∂ν ω˜ (appendix 7.1, eq. (101)). Thus the scalar field Lagrangian
can also be written with
Lφ 3 =
2
3
ξ2η φ ‖∇ω˜‖3 , (38)
with ∇ω˜ the gradient of ω˜. In Einstein gauge (41), with constant value φo of
the scalar field, we introduce the new constant η−1φo = a˜o.26 Below it will
turn out that this will be realized with a˜o = ao16 . Lφ 3 is cubic in the gradient
of the scale invariant scalar field rather than quadratic (and of the correct
weight because of w(‖∇ω˜‖) = −1). In the following we shall omit the tilde
and simply write ω for the latter.
3.2 Compatibility conditions
Our Lagrangian is consistent with Einstein gravity if in scalar field gauge
ξφo
.
= (8piG)−
1
2 = Epl ↔ L−1pl , (39)
where Epl, Lpl denote the reduced Planck energy and Planck length, respec-
tively. They are normed such that
Epl L
−1
pl = (8piG)
−1 . (40)
Obvious factors c and ~ are omitted. Einstein gravity arises if in scalar field
gauge ϕ→ 0.
Let us introduce the notation
a˜o = η
−1φo (41)
with φo as in (11). The constant a˜o plays a role analogous to the MOND
acceleration ao ≈ 16H, where H denotes the Hubble parameter (H = Ho ↔
H1). Below we find that we have to set a˜o ≈ ao16 if we want to link up to
Bekenstein/Milgrom’s RAQUAL with the usual MOND acceleration. Ein-
stein gravity is (precisely) contained in our appoach as the special case with
ω = const. Then Riemann gauge and Einstein gauge coincide and the scalar
field is dynamically inert.27 In the following we shall understand by Einstein
gauge the scalar field gauge with (39) and (41).
26Then ξ2η φ = (ξφ)2(η−1φ)−1 .= (8piG)−1a˜−1o (in Einstein gauge).
27[49, sect.3], [39].
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φ−1o stands between the largest and smallest physically conceivable length
units in the universe a˜−1o and Lpl; or reciprocally:
a˜o
·η7−→ φo ·ξ7−→ Epl ↔ L−1pl
The product of our typical coefficients is the ratio of these extremal quanti-
ties:
η · ξ = Epl
a˜o
=
a˜−1o
Lpl
∼ 1063 (42)
It seems natural (although not necessary) to assume ξ and η to be at roughly
comparable orders of magnitude. Then φo lies close to the geometrical mean
between the extremes a˜o and Epl:
|φo| ∼ 10−4 eV respectively 10 cm−1 (43)
3.3 Dynamical equations
In integrable Weyl geometric structures the scale covariant variation with
regard to δgµν leads to the Euler-Lagrange equation
δL
δgµν
=
∂L
∂gµν
−Dλ ∂L
∂(∂Dλgµν)
with Dλgµν = ∂λgµν − 2ϕλgµν [22, p. 526]. Because of Dλgµν .= ∂λgµν (in
Riemann gauge) the variation is most simple in Riemann gauge and close
to the usual calculations. The result can be generalized to other gauges by
scale transformation.28
The variation with regard to δgµν leads to boundary contributions from
the Hilbert-Weyl term, which vanish for a constant coefficient like in Einstein
gravity:29
1√|g| δLHWδgµν = sig2 ξ2
(
φ2(Ric− R
2
g)µν −D(µDν)φ2 +DλDλφ2gµν
)
(44)
Here Ric and R are the Weyl geometric Ricci tensor and scalar curvature
respectively. The last two terms on the r.h.s. result from the boundary
contributions of partial integration. Remember that Dµ denotes the scale
covariant derivative of Weyl geometry, depending on the scale weight w =
w(X) of a field X (8).
The variation of the other terms is straight-forward. The energy-momentum
tensor of matter is defined as usual:
T (m)µν := −sig2
1√|g| δLmδgµν (45)
28For the variation in general, not necessarily integrable, Weyl geometric structures see
[55, pp. 98–101].
29[7, pp. 96ff.], [23, pp. 40ff.], [55, pp. 64ff.], [18, p. 1032f.] – the boundary terms lead
to the “improved” energy-momentum tensor of the scalar field in the sense of [10].
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The variation of Lφ gives a peculiar energy-momentum contribution from
the scalar field to the r.h.s. (see below, (47), (48)).
We arrive at the scale invariant Einstein equation,
Ric− R
2
g = (ξφ)−2 T (m) + Θ . (46)
The r.h.s. consists of the energy-momentum of matter T (m) and the energy
tensor of the scalar field Θ (up to the constant 8piG in Einstein gauge).
Θ decomposes into a term (I) manifestly proportional to the Riemannian
component of the metric g and an additional one (II), Θ = Θ(I) + Θ(II),
such that
Θ(I) = φ−2
(
−DλDλφ2 + sig ξ−2(LV 4 + Lφ)
)
g , (47)
Θ(II)µν = φ
−2
(
DµDνφ
2 − 2sigξ−2 ∂Lφ
∂gµν
)
. (48)
The contribution sig(ξφ)−2LV 4 g = −sig λ4 ξ−2φ2 g in (47) is a scale covariant
version of the “cosmological constant” term Λg; here
Λ =
λ
4
ξ−2φ2 (variable) , Λ .=
λ
4
ξ−2φ2o (constant in Einstein gauge) .
(49)
For the variation δω with regard to the scale invariant form of the scalar
field ω one uses (99) (valid in any gauge) and finds
∂
∂ω
φ =
∂
ω
eω+
∫
ϕ = eω+
∫
ϕ = φ , . (50)
On the other hand
∂
∂(∂νω)
‖∇ω‖3 = 3sig ‖∇ω‖ ∂νω (51)
for ∇ω spacelike; otherwise it is 0.
Let us introduce the scale covariant (non-linear)Milgrom operator defined
by
M ω = sigDν(‖∇ω‖ ∂νω) , (52)
and , the scale covariant d’Alembert operator for a (scale covariant) scalar
field X, while g is the covariant d’ Alembert operator of the Riemannian
metric in any gauge:
X = −sigDνDνX (53)
gX = −sig g∇ν ∂νX = − sig√|g|∂ν
(√
|g|Xν
)
. (54)
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According to appendix 7.2, equ. (105) the scale covariant Euler-Lagrange
equation is, for Dφ spacelike,
2LHW + 4LV 4 − 2Lφ 3 + αξ2φφ− 2(ξφ)2(η−1φ)−1Mω = 0 .
For α = 6 (and spacelike gradient Dφ of the scalar field) subtraction of
the trace of the Einstein equation simplifies the equation to:
M ω =
1
2
(ξφ)−2(η−1φ)
(
−sig tr T (m) − 3Lφ 3
)
(55)
Both sides are of weight −3, tr T (m) denotes the trace of the matter tensor.
For Dφ timelike or null and the choice (36) for Lφ 2 the scalar field equation
reduces to the potential condition
LHW + 2LV 4 = 0 . (56)
In Einstein gauge (55) becomes
M ω .= 4piG a˜o tr T (m) − ||∇ω||3 .
We have to compose the scale covariant Milgrom operator from its Rie-
mannian part and the scale connection component, M ω =gM ω+ϕM ω,
with the covariant Milgrom operator of Riemannian geometry defined by
gM ω = sig g∇ν(||∇ω||∂νω) = sig (∂ν ||∇ω|| ∂νω + ||∇ω|| g∇ν ∂νω) . (57)
Because of w(||∇ω||∂νω) = −3 we find
ϕM ω = sig
(
ϕΓ
ν
νλ||∇ω||∂λω − 3ϕν ||∇ω||∂νω
)
= sigϕν ||∇ω||∂νω .
In Einstein gauge ϕM ω .= −||∇ω||3. For a fluid with matter density ρm
and pressure pm, equation (55) in Einstein gauge finally simplifies to
gM ω .= 4piG a˜o tr T (m) .= 4piG a˜o (ρm − 3pm) (58)
By obvious reasons (58) will be called the covariant Milgrom equation.
The Einstein equation (46) and the scalar field equation (55), respectively
(58), constitute an interdependent system of differential equations. We shall
study it in the following section under simplifying conditions: a static weak
field case and a cosmological limit.30 Before we do so, we want to point
out that the Schwarzschild-de Sitter solution is a special (point symmetric)
vacuum solution of (46), (55) with a trivial scalar field (constant in Riemann
gauge).
30In previous preprints of this paper the simplicity of (58) could not be achieved because
no Lφ 2 term (α = 6) was included.
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3.4 Schwarzschild-de Sitter solution
Our first example deals with a Weyl geometrically degenerate case with
Riemann gauge (g, ϕ .= 0) identical to Einstein (scalar field gauge), φ .=
φo = const. Here g denotes the Schwarzschild-de Sitter metric of signature
(−+ ++):
ds2 = −(1− 2M
r
−κ r2)dt2 + (1− 2M
r
−κ r2)−1dr2 + r2(dx22 + sin2 x2 dx3)2
(59)
Then M ω = 0, and (58) is trivially satisfied in the vacuum.
The Ricci and scalar cuvatures are Ric = 3κ g, R .= 12κ. We calculate
in scalar field gauge, while suppressing the dot of .= here. The l.h.s. of our
Einstein equation is familiar,
Ric− R
2
g = −3κ g .
In vacuum the r.h.s. of the Einstein equation (47, 48) simplifies to the quartic
term (“cosmological constant”) of the scalar field potential (49):
Θ = Θ(I) = −λ
4
ξ−2φ2o g = −
λ
4
β2a˜o
2 g
where β denotes the ratio β = η ξ−1 which, according to (43) is no large
number. Then (46) is satisfied for
3κ =
λ
4
β2 a˜o
2
Below we shall find a˜o ≈ ao16 ≈ 10−2H (81). With reasonable choices for
β ≈ 100 and, e.g., κ = 2H2 the equation is satisfied, for λ4 ≈ 6.
Although this is a degenerate solution of the W-ST dynamical equations,
it is important as a non-homogeneous point symmetric vacuum solution with
∇ω = 0 (respectively with negligible gradient ∇ω ≈ 0). The deviation from
the ordinary Schwarzschild equation is only by cosmologically small terms.
It thus has the central symmetric point mass solution of the Newton theory
as its classical limit. In the next section we see that another classical limit
arises as soon as we give up the degeneration condition Einstein gauge =
Riemann gauge and we are far away from the source.
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4 MOND approximation
4.1 Modified Poisson equation for ω
In the following we assume a weak field constellation in which the Newton
approximation of the Einstein equation is justified even in the presence of a
scalar field ω with purely spacelike variability (signature choice (−+ ++) of
the metric, sig = +1). This implies a
(∗) condition of small acceleration aϕ = −∇ω, which has to be specified
in the particular cases studied.
In the case of exclusively spacelike variability the d’Alembert operator
reduces (after sign change) to the Laplacian, −g ω = ∆ω, and the Milgrom
operator turns into the known form in spacelike coordinates,
Mω ≈ ∇ · (|∇ω|∇ω) (60)
(“·” the Euclidean scalar product). For pressure-less matter the Milgrom
equation (58) acquires the familiar form of the non-linear Poisson equation31
∇ · (|∇ω|∇ω) ≈ 4piG a˜o ρm . (61)
We call this the MOND approximation of W-ST gravity. For the following
it is important that only the trace of the matter energy momentum tensor,
not of the scalar field, appears on the r.h.s. of (61).
Remember that ω is the potential of an additional, not of the total, ac-
celeration, and on the r.h.s of (61) we still have the constant a˜o rather than
ao. It will become clear from the growth behaviour of centrally symmetric
solutions for ω that we cannot expect the conditions of a W-ST MOND ap-
proximation being satisfied in a full spherical neighbourhood of a centrally
symmetric mass concentration. ∇ω has to be small enough for the energy
tensor of the scalar field to be such that its approximative representation
in the Newton approximation leads to an acceptable approximation of the
Einstein equation (sections 4.3, 4.4). This shows that the MOND approxi-
mation may be useful in large distance of a central mass only (if at all). In
a closer vicinity the Schwarzschild-de Sitter solution with ∇φ ≈ 0 will be a
better approximation (section 3.4) and with it, the Newton approximation,
as long as relativistic effects can be neglected.
A simple evaluation shows that for the Newton acceleration aN ,
∇2ΦN = 4piGρm aN = −∇ΦN , (62)
the solution of (61) is given by ∇ω = −aϕ with
aϕ =
√
a˜o
|aN | aN =
√
a˜o|aN | aN|aN | , (63)
31 [6, 5].
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where |aN | is the vector norm in the Euclidean approximation.
This is a great relief: The solution of the non-linear Poisson equation is
much simpler than one might expect: At first the linear Poisson equation
of the Newton theory is to be solved; then an algebraic transformation of
type (63) leads to the solution of the non-linear partial differential equation
(61).32
For a point-like mass source M at the origin of spatial coordinates y =
(y1, y2, y3), the r.h.s becomes −sig4piG tr T (m) = 4piG Mδ(y) . Considering
an Euclidean approximation for gµν≈˙ ηµν , the corresponding solution is
ω ≈
√
GMa˜o ln |y|. (64)
The Weyl geometric additional acceleration is
aϕ = −∇ω ≈˙ −
√
GMa˜o
y
|y|2 . (65)
Its form is the same as the deep MOND acceleration of the usual MOND
theory. Then
∆ω ≈˙
√
GMa˜o
|y|2 . (66)
The form of (65) shows that the MOND approximation can be reliable
only in large distances from the symmetry centre; for ‘small’ radii (∗) is no
longer satisfied. We shall use the specification y ≥ 10−l
√
GMa−1o . Then
∇ω ≤ 4 · 10lao. With l = 1 we are at least in the region called upper
transitional regime in app. 7.3.33
4.2 Side remark on the cosmological limiting case
We want to make a short observation with regard to the cosmological limit.
If we use the idealizing assumption of homogeneous matter distribution,
the invariant scalar field does not depend on the spacelike coordinates of
x = (xo, x1, x2, x3), xo = t,
ω(x) = ω(t) , ∇ω = (gooω′, 0, 0, 0) .
We then have a timelike or zero gradient of the scalar field ∇ω, respectively
Dφ; ‖∇ω‖ vanishes, and with it Lφ 3 (34) and M . For Lφ 2 we have to
consider both choices (31, 36).
For (31) with α = 6, the scalar field equation reduces to the trace of
the vacuum Einstein equation. In other words, it is compatible with the
Einstein equation only for tr T (m) = 0, in which case it is redundant. An
32In the terminology of the MOND community: the MOND approximation of W-St
leads to a QMOND model [20, pp. 46ff.].
33“At least”, because further out we enter the MOND regime or even the deep MOND
regime of app. 7.3.
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inspection of the Friedmann equation (in the Weyl gravity framework) in
Einstein gauge shows that the Riemannian component of the scalar curvature
must be constant. A special solution is given by the Einstein - de Sitter model
with warp function a(t) = 2
√
Λ
3 e
±
√
Λ
3
t and vanishing gradient of the scalar
field; i.e., the scalar field reduces to the cosmological constant, and Einstein
gauge = Riemann gauge.
For (36) both, Lφ 2 and Lφ 3, vanish in the cosmological case. The scalar
field equation reduces to the potential condition (56), and the trace of the
Einstein equation to
gω =
4piG
3
tr T (m) . (67)
For a Robertson-Walker metric in Einstein gauge
g = sig diag (−1, a2 g11, a2 g22, a2 g33)
with warp function a = a(t) > 0, and time independent standard metric of
constant curvature on the spacelike slices, g˜ = diag(g11, g22, g33) with. e.g.,
g11 = (1− κr2)−1, g22 = r2, g33 = r2 sin2 θ (r = x1, θ = x2), we find
√
|g| = a3
√
|g˜|, ∂o
√|g|√|g| = 3a′a .
Therefore with (54)
gω = ω′′ + 3
a′
a
.
and (67) becomes
ω′′ + 3
a′
a
ω′ =
4piG
3
tr T (m) . (68)
For the vacuum case this condition is satisfied by a simple time-homogen-
eous static solution of the vacuum Einstein equation (46). In Einstein gauge
it has the underlying Riemannian geometry of an Einstein universe and a
non-vanishing Weylian scale connection ϕ = (H, 0, 0, 0) which encodes the
cosmological redshift. This implies ω = −H t, ω′′ = 0 and a′ = 0.34
4.3 Scalar field energy density
We now want to address the distribution of the scalar field’s energy den-
sity. We use the static weak field approximation (23) in Einstein gauge
near a mass center. Then ω(x) depends only on the spacelike coordinates
of x = (xo, . . . x3), which we characterize separately by the 3-vector y :=
(y1, y2, y3) = (x1, x2, x3). The energy-momentum tensor of the scalar field
T (φ)
.
= (8piG)−1 Θ is given by (47), (48). Because of ∂oω = 0 the second
34[44, 46].
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term of the energy density of Θ(II) vanishes immediately, and the first term
in the light of (101).
In the (static) weak field case, the cosmological constant contribution
LV 4 goo lies many orders of magnitude below energy densities considered
here and can be neglected. With goo ≈˙ ηoo = −sig we find
Θoo = Θ
(I)
oo ≈ −φ−2φ2 − (ξφ)−2Lφ ,
≈ −φ−2φ2 − 2
3
(η−1φ)−1 ‖∇ω‖3 . (69)
With (104) (appendix 7.1) we get
Θoo≈ − 2 gω − 2
3
(η−1φ)−1 ‖∇ω‖3 . (70)
In the MOND and (upper) transitional regimes with, say |aN | ≤ 102ao, gives
2
3
a˜o ‖∇ω‖3 ≤ 10 a4o .
It is cosmologically small of order 4 and thus negligible; hence
Θoo ≈ −2 gω = 2∆ω .
The energy density of the scalar field, ρφ, in Einstein gauge finally becomes
ρφ ≈˙ (8piG)−1 2 ∆ω . (71)
4.4 Additional Newton acceleration and determination of a˜o
In the Newtonian limit case the energy of the scalar field (71) contributes
to the right hand side of the Poisson equation and leads to additional terms
Φφ and aφ of the total Newton potential Φtot and its acceleration atot
Φtot = ΦN + Φφ , atot = aN + aφ , (72)
∇2ΦN = 4piGρm , ∇2Φφ = 4piGρφ , (73)
where aφ = −∇Φφ and aN like in (62). The Poisson equation for Φφ and
(71) imply
aφ = −∇Φφ = −∇ω +X = aϕ +X , (74)
with a vector field X such that ∇X = sigΓjjk∂kω.
In the central symmetric case (not necessarily with a point-like mass, but
with total massM(r) inside the radius r such thatM ′(r) = 0 at r = |y| ≥ ro
for some ro) (63) implies:
aϕ(y) = −
√
a˜oGM(r)
r
y
r
ω =
√
a˜oGM(r) ln r (75)
∇2ω =
√
a˜oGM(r)
r2
(76)
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With an Euclidean metric ds2 = dr2 + r2(dθ2 + sin2 θ dϑ2) in spherical
coordinates (r, θ, ϑ),35
sigΓ
j
jk∂
kω =
2
r
√
a˜oGM(r)
r
= 2∇2ω
and
X = 2 aϕ . (77)
We finally get an additional acceleration (with regard to the Newton
acceleration aN of ρm)
aadd = aϕ + aφ = aϕ + 3 aϕ = 4 aϕ , (78)
and the total acceleration
a = aN + aadd = aN + 4 aϕ
With (63)
a = aN
(
1 +
√
16 a˜o
|aN |
)
(79)
Taking (65) into account, the total correction of the original Newton dynam-
ics of a point-like (or point symmetric) source becomes
aadd = 4 aϕ ≈ −4
√
GMa˜o
y
r2
. (80)
Now we can specify the value of our a˜o for which our model gives a total
additional acceleration which in the deep MOND domain agrees with the
acceleration of Milgrom’s MOND approach:
a˜o =
ao
16
≈ H
100
≈ 8 · 10−31 cm↔ 2 · 10−20 s−1 . (81)
Then (80) turns into
aadd ≈ −
√
GMao
y
r2
, (82)
with the usual MOND acceleration ao ≈ H6 [c], and (79) becomes
a = aN
(
1 +
√
ao
|aN |
)
, aadd =
√
ao|aN | aN|aN | . (83)
The norm of the complete (centrally oriented) radial acceleration in the
MOND (and the transitional) regime about a point massM , or in the case of
a point symmetric mass distribution, is given by (norm signs here omitted)
a = aN + aadd ≈ GM
r2
+
√
GMao
r
, (84)
35Γ111 = 0, Γ
2
21 = Γ
3
31 = r
−1.
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and the density of the scalar field halo (71) by
ρφ(r) =
3
4
(4piG)−1
√
GMao
r2
. (85)
In the case of a points symmetric mass distribution, M has to be read as
M(r). We resume: In the domain where the MOND approximation is reli-
able, the acceleration correction to Newton gravity implied by the W-ST ap-
proach with cubic kinetical Lagrangian (for φ) consists simply in an additive
term equal to the deep MOND acceleration of the usual MOND approach.
5 Comparison with other MOND models
5.1 Transition function
We can now compare our approach with other MOND models. Simply
adding a deep MOND term to the Newton acceleration of a point mass,
like in (84), is unusual. It is clear that such an approach does not lead to
acceptable results in the ’lower’ transitional regime with, say, aN > 100 ao
(app. 7.3).
M. Milgrom rather considered a multiplicative relation between the MOND
acceleration a and the Newton acceleration aN by a kind of ‘dielectric anal-
ogy’:
aN = µ(
a
ao
) a , with µ(x) −→
{
1 for x→∞
x for x→ 0 , (86)
or the other way round
a = ν(
aN
ao
) aN , with ν(y) −→
{
1 for y →∞
y−
1
2 for y → 0 . (87)
Here µ(x) → x means µ(x) − x = O(x), i.e. µ(x)−xx remains bounded for
x→ 0. From this point of view our acceleration (84) is specified by
µw(x) = 1 +
1−√1 + 4x
2x
and νw(y) = 1 + y−
1
2 . (88)
One has to keep in mind that our transition functions µ, ν are only reliable
in the MOND and the upper transitional regimes (section 4.1).
This embedding into the MOND family shows that the so-called “Kepler
laws of galaxy dynamics” hold for our Weyl geometric scalar tensor (W-
ST) model like for all others in the family [20, sec. 5]. But here, different
from most other family members, the MOND approximation results from a
conceptually (with regard to space-time structure) and physically attractive
(comparatively simple Lagrangian) general relativistic “mother” theory. Re-
garding the criteria of naturality and simplicity it may seem superior to the
better known relativistic MOND theories TeVeS and Einstein aether theory.
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5.2 Scalar field mass and phantom mass
It remains to see how the Weyl geometric MOND model compares with
the better studied ones with regard to rotation curves of galaxies, cluster
dynamics, and lensing properties. Here we can give only a general overview
of such a comparison; a detailed empirical evaluation remains a desideratum.
Equations (78, 83) show that three quarters of the W-ST additive accel-
eration are due to the scalar field energy density, the scalar field halo. That
is important because the latter expresses a true energy density on the right
hand side of the Einstein equation (46) and the Newtonian Poisson equation
as its weak field, static limit. It is decisive for lensing effects of the additional
acceleration. In W-ST we have to distinguish between the influence of the
additional structure, scalar field and scale connection, on light rays and on
(low velocity) trajectories of mass particles. Bending of light rays is influ-
enced by the scalar field halo only, the acceleration of massive particles with
velocities far below c by the the scalar field halo and the scale connection.
In the MOND literature the amount of a (hypothetical) mass which in
Newton dynamics would produce the same effects as the respective MOND
correction aadd is called phantom mass Mph. In our case, phantom mass and
scalar field mass Mφ differ:
Mph =
4
3
Mφ (89)
For any member of the MOND family the additional acceleration can be
expressed by the modified transition function
ν˜ = ν − 1 (90)
with ν like in (87)
aadd = ν˜
( |aN |
ao
)
aN . (91)
As the potential Φph attributed to the the phantom mass density ρph satisfies
∇2Φph = 4piGρph and ∇Φph = −aadd, a short calculation shows that the
phantom mass/energy density may be expressed as
ρph = ν˜
( |aN |
ao
)
ρm − (4piGao)−1ν˜ ′
( |aN |
ao
)
(∇|aN |) · aN (92)
It consists of a contribution proportional to ρm with factor ν˜, which dom-
inates in regions of ordinary matter, and a term derived from the gradient
of |aN | dominating in the “vacuum” (where however scalar field energy is
present). For the Weyl geometric model with ν˜w(y) = y−
1
2 , ν˜ ′w(y) = −12y−
3
2
this implies:
ρph−w =
(
ao
|aN |
) 1
2
(
ρm + (8piG)
−1∇(|aN |) · aN|aN |
)
(93)
ρφ =
3
4
ρph−w (94)
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(94) is another expression for (71). Of course the terminology of “phantom
energy” is misleading for ρph−w, because three quarters of it are due to the
scalar field and thus real rather than phantom.
The total dynamical mass Mdyn constituted by a classical mass compo-
nent (mainly baryonic), here denoted by Mbar, and phantom mass differs
from the lensing mass Mlens:
Mdyn = Mbar +Mph (95)
Mlens = Mbar +Mφ = Mbar +
3
4
Mph in W-ST (96)
In our model the lensing mass is smaller than the dynamical mass. That
looks like bad news for explaining lensing at clusters and microlensing at
substructures. But we shall see that the transition function compensates
this effect, perhaps even more.
5.3 A first comparison between TeVeS and W-ST
In the TeVeS literature it is taken for granted that its scalar and vector
fields, the additional structures of TeVeS, influence light trajectories like a
real mass source of the same amount as the phantom mass would do in
Einstein gravity [62, secs. 4f.]. Therefore the dynamical mass Mdyn and the
lensing mass Mlens are identical,36
Mdyn = Mlens = Mbar +Mph in TeVeS. (97)
Because of the factor 34 in our (96), lensing effects seem to be stronger in
TeVes than in W-ST. But this inference is not conclusive. Phantom mass
calculations depend strongly on the choice of the transition functions µ, ν, ν˜
in the respective MOND model or their TeVeS equivalents.
The W-ST transition function νw, respectively ν˜w (88) is larger than the
ν-functions usually used in MOND/TeVes: [30, 62] consider
ν1(y) =
1
2
(1 +
√
1 + 4 y−1)
and νo corresponding to (Bekenstein’s) µo(x) = 2x(1 + 2 +
√
1 + 4x)−1. In
his cluster studies R. Sanders uses37
ν2(y) =
√
1
2
(1 +
√
1 + 4y−2) .
The figures 1 and 2 below compare the Weyl geometric function 34 ν˜w
(red) governing the density of the scalar field halo with the typical MOND
36[30] seem to doubt the reliabilty of the MOND approximations in some of the TeVeS
calculations in the literature. They develop their own relativistic theory of light bending.
37[40, 41].
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Figure 1: Comparison of phantom halos for Weyl model and usual MOND models
(for ν˜ see (90)). Upper transition regime (left), MOND regime (right);
red/unbroken ν˜w(y): indicative of total phantom halo (scalar field and
phantom) of Weyl model (see (92)), green/dashed ν˜1(y), blue/double-
dashed ν˜2(y) for phantom halos of accepted MOND models.
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Figure 2: Comparison of scalar field halo for Weyl model with phantom halo of
accepted MOND models (for ν˜ see (90)).
Upper transition regime (left) and MOND regime (right);
red/unbroken 0.75 ν˜w(y): indicative of scalar field halo Weyl model (94),
green/dashed ν˜1(y), blue/double-dashed ν˜2(y) for phantom halos of
widely used MOND models.
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functions ν˜1 (green) of Mavromatos e.a. and ν˜2 (red) used by Sanders. The
ν˜-term in (92) dominates the respective phantom energy densities. Figure
1 shows part of the upper transition regime (1 ≤ y ≤ 10 with y = |aN |ao )
and figure 2 the beginning of the MOND regime (0.1 ≤ y ≤ 1). In the
MOND regime ρφ is close to the phantom energy density of model ν1, but
much higher than ν2. In the transition regime the W-ST scalar field halo
is considerably denser than the phantom energy halo of both received MOND
models. The total phantom energy density of the Weyl approach, which is
important for galaxy and cluster dynamics (95), comes out even higher and
surpasses the phantom energies of the two other models in both domains
(figures 3, 4).
These considerations indicate that the missing mass problem for clusters
or galaxies, which is being discussed for the MOND-TeVeS approach,38 may
change its face in the Weyl geometric approach. In the light of the compar-
ison given in figures 3, 4, one might even hope that the mass discrepancy
may dissolve under the present dynamical hypothesis.39 But of course this
is still far from clear; only detailed empirical studies can show whether the
Weyl geometric version of MOND-like weak gravity can really compete with,
or even surpass, TeVeS and other relativistic MOND models. In this respect,
astronomers will have to speak the final word – if there is any.
6 Discussion
Our assimilation of the original (R)AQUAL Lagrangian to Weyl geometric
gravity has shown quite convincing properties. The Weyl geometric approach
with its scale covariant expressions is conceptually clearer than the “2-metric-
approach” of the Jordan-Brans-Dicke framework in the AQUAL theory. Here
Einstein gauge and Riemann gauge, or any other gauge, are mathematically
equivalent. Which one seems best depends on the specific problem context.
Einstein gauge gives the most immediate expression to measured quantities;
in this sense it may be considered as the chronometric gauge. But it would
be misleading to call it the “physical gauge”. The affine connection, and with
it the gravito-inertial structure is most simply expressed in Riemann gauge.
Whoever thinks of free fall as being governed by a Levi-Civita connection in
the Riemannian sense, may just as well argue for Riemann gauge as “physi-
cal”.40 A coherent unification of the different aspects of spacetime structure
is made possible by a consequently Weyl geometric perspective. The addi-
tional degree of freedom (in comparison to Einstein gravity) is related to the
new dynamical variable ω. It is regulated by the scalar field equation (58).
Because of (16) this equation can also be understood as a condition for the
38See, e.g., [20, 41, 30, 62].
39A model for the halo of galaxy clusters, built on the MOND approximation (which
here seems to be of heuristic value only) passes a first empirical surprisingly well [50]
40This is reflected in the superiority of Riemann gauge for the variational procedures.
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Weylian scale connection. In the degenerate case, ω = const, the vacuum
solution of a point mass source is the Schwarzschild-de Sitter solution with
the classical Newtonian limit (section 3.4)
A first dynamical consequence of the Weyl geometric extension of Ein-
stein gravity can be identified for low velocity trajectories in the weak field,
static approximation in Einstein gauge (the chronometric one). There the
Weylian scale connection induces an additional acceleration to the usual
Newton approximation of Einstein theory (section 2.5). It has the invariant
scalar field ω as its potential (27). It seems quite natural to ask, whether
this additional acceleration may be responsible for the anomalous effects
of the MOND phenomenology; and if so, under which assumptions for the
Lagrangian of the scalar field.
In the second step we analyzed whether an adaptation of Bekenstein/Mil-
grom’s non-quadratic Lagrange density for the kinetic term of the scalar field
may help to answer this question. Scale invariance gives a strong constraint
for the form of the transition function; here it leads to a particularly simple,
nearly unique, cubic form (38). In an approximation which allows to apply
the Newton approximation of the Einstein equation, the additional accelera-
tion due to the scale connection acquires a MOND-like form (section 4). So
far our analysis is quite close to RAQUAL, the main differences being scale
covariance and the fact that the Newton approximation of Einstein gravity
remains a partial contribution of our MOND approximation ((22), (26)).
In a third step we have analyzed the energy density of the scalar field
(sections 4.3 and 4.4) and found that it modifies the total Newton potential
of the static weak field approximation (71), (72), (73). That is a result of
analyzing the r.h.s of the scale invariant Einstein equation; it needs no ad-
ditional stipulation. If compared with the original RAQUAL approach, this
consequence of our approach changes the situation for gravitational lensing
and for cluster dynamics considerably.
Given that the last mentioned problems (cluster dynamics and gravita-
tional lensing) seem to have been most decisive for giving up the original
RAQUAL approach, one may ask why a similar observation has not been
made already long since. The answer seems to reside in a widely spread
conviction that scale covariant (or conformal) metrical approaches can never
lead to a derivation of gravitational lensing effects. This conviction seems to
have acquired the status of a kind of “folk theorem”.41
This conviction has a true core, but it does not express the whole story.
Like Diogenes who proved the possibility of motion to the Eleatic critics by
walking, we have shown that there is an alternative. It is not difficult to
see why it could work. The folk theorem has a premiss which often remains
unstated. In the following quote it is stated explicitly:
“. . . so long as the ψ field [corresponding to our ω, E.S.] con-
41See, among others, [42, pp. 146f.]
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tributes comparably little to the energy-momentum tensor, it can-
not affect light deflection . . . ” [5, p. 6, emph. E.S.].
Why does this condition not apply to our Weyl geometric extension of es-
sentially the same Lagrangian like in RAQUAL?
The answer can be read off from (47) and (44). The crucial difference
in our energy-momentum tensor to the one often used in JBD-approaches,42
comes from the boundary terms arising during the variation of the Hilbert
action to which the scalar field is non-minimally coupled.43 Among these
terms, it is mainly DνDνφ2 which contributes essentially to the energy-
momentum (69). The sucessful adaptation of a cubic scalar field Lagrangian
to Weyl geometric gravity is a strong sign for the importance of the boundary
terms.
It is too early to draw full consequences of this analysis at the moment.
We still have to see whether the Weyl geometric approach proves to be of
empirical relevance for extremely weak field domains at galaxy and perhaps
even at galaxy cluster level, and whether a further analysis of domains, in
which neither the MOND approximation nor the Schwarzschild-de Sitter
approximation can be applied, sheds new theoretical light on strong field
constellations. In the case of positive answers, or at least one with encour-
aging result, we may conclude that the energy density of the gravitational
scalar field analyzed in our approach is real and not just a model artefact.
First indications that the chances for a positive outcome of the empirical
examination of our model are not bad are given section 5.3.
If so, we may interpret (47), (48), and (69) as expressions for the energy
of the (Weyl geometrically) enhanced gravitational field. Sceptics ought to
remember that a complete spacetime structure is given by the combination
of a causal structure (mathematically a conformal structure), an inertio-
gravitational structure (projective path structure), and the scalar field spec-
ifying the remaining chronometric scaling degree of freedom, mathematically
by the triple (c,∇, φ) (section 2.4). Gravitaty is a complex structure, not just
one (vector, tensor, or connection) field.
This insight may also become important for quantum gravity: In which
sense could it be meaningful to quantize the basic geometrical features of
spacetime, i.e. the conformal and affine structures (c,∇)? It is well known
that these structures do not carry intrinsic, covariant self energy, while the
scalar chronometric field does! This speaks in favour of focussing the quan-
tization of gravity, at least in a first step, on the chronometric/scale degree
of freedom φ and to analyze how the latter relates to the quantized standard
model fields on general relativistic spacetime.
42Although some of the JBD literature does take account of the boundary terms of
partial integration, e.g., [23, pp. 40ff.].
43See the literature in fn. 29.
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7 Appendices
7.1 Scale invariant version of scalar field
In Riemann gauge (g˜, 0, φ˜) we write φ˜ = eω (ω stands here for the scale
invariant form). By definition ω is not affected by regauging, therefore
Dνω = ∂νω. (98)
It is a scale invariant version of the scalar field.
Any scale gauge (g, ϕ, φ) arises from Riemann gauge, g = Ω2g˜, for some
Ω. Then
ϕ = −d ln Ω↔ Ω = e−
∫
ϕ ;
here
∫
ϕ is an abbreviated notation for integrating the 1-form ϕ along any
curve from a fixed initial point to the point x of spacetime considered (un-
derdetermination only up to a point independent constant). We thus get
φ˜ = Ωφ ,
ω = ln φ˜ = lnφ−
∫
ϕ ,
φ = Ω−1eω = eω+
∫
ϕ . (99)
In some of the recent literature φcomp := e
∫
ϕ is considered on its own
(with ω = 0) [2, 3]. It is a “compensating field” for the effects of a conformal
transformation away from Riemann gauge. Because of the gauge transforma-
tion for the scale connection it transforms with weight w(φcomp) = −1 like
φ. But it does not essentially contribute to the dynamics besides giving it
a scale covariant expression. Restricting to φcomp boils down to considering
Einstein gravity in scale covariant form. The result is a dynamically trivial
Weyl geometric extension of Einstein gravity (and Riemannian geometry).
If (g, ϕ, φo) denotes a scalar field gauge, in particular Einstein gauge
φo
.
= ξ−1Epl, we have φo = Ω−1φ˜ with Ω = φ−1o eω = ξE
−1
pl e
ω; thus ϕ .=
−d ln Ω .= −dω and
ϕν
.
= −∂νω. (100)
Thus ω has the formal properties of a potential for the scale connection ϕ in
scalar field gauge (and only in this gauge).
The scale covariant derivative of the scalar field in any gauge can be
expressed as follows:
Dνφ = (∂ν − ϕν)φ = ∂νeω+
∫
ϕ − ϕνφ = (∂νω + ϕν)φ− ϕνφ
= φ∂νω = φDνω (101)
Similarly one derives
Dνφ2 = 2φ2∂νω = 2φ2Dνω (102)
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and
DνD
νφ2 = Dν(2φ
2Dνω)
= 2φ2(DνD
νω + 2DνωD
νω)
= 2φ2(∇ν∂νω − 2ϕν∂νω + 2∂νω∂νω)
Because of ϕΓλνµ = δλνϕµ + δλµϕν − gνµϕλ we find
∇ν ∂νω = g∇ν ∂νω +ϕΓννµ∂µω
= g∇ν ∂νω + 4ϕν∂νω
In scalar field gauge ϕ .= −∂νω and thus
DνD
νφ2
.
= 2φ2 g∇ν ∂νω . (103)
In terms of the signature normalized Beltrami-d’Alembert operators (53)
φ2 .= 2φ2 gω . (104)
7.2 Derivation of the scalar field equation
We use scale covariant variation δω with regard to the scale invariant scalar
field ω as dynamical variable, observing that Dνω = ∂νω.44 We calculate
the variation in Riemann gauge (then R contains no ϕ-terms). Because of
scale invariance of the Lagrangian, the result translates straight forward to
any gauge. The Lagrange density (37) is constructed using scale covariant
derivatives Dν . The appropriate Euler-Lagrange equation is
δLφ
δφ =
∂Lφ
∂φ −
Dν
∂Lφ
∂(∂νφ)
[22, p. 526].
Using (50) we get:
δLHW
δω
=
∂LHW
∂ω
= sigφ
2R = 2LHW
δLV 4
δω
=
∂LV 4
∂ω
= 4LV 4
δLφ 2
δω
=
∂Lφ 2
∂ω
= 2Lφ 2 ,
δLφ 3
δω
=
∂Lφ 3
∂ω
= Lφ 3
Moreover,
∂Lφ 2
∂(∂νω)
= sigα(ξφ)
2∂νω ,
and with (51)
∂Lφ 3
∂(∂νω)
= 2sig ξ
2η φ ‖∇ω‖ ∂νω
44Equivalently, variation with regard to φ could be taken.
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for ∇ω (respectively Dφ) spacelike (otherwise zero). Because of
Dν
∂Lφ 3
∂(∂νω)
= 2sig ξ
2η Dν (φ ‖∇ω‖ ∂νω)
= 3Lφ 3 + 2ξ
2η φDν (sig ‖∇ω‖ ∂νω)
= 3Lφ + 2ξ
2η φ Mω (cf. (52))
and Dν
∂Lφ 2
∂(∂νω)
= 2Lφ 2 + sigαξ
2φDνD
νφ, this leads to the “raw” scalar field
equation
2LHW + 4LV 4 − 2Lφ 3 + αξ2φφ− 2(ξφ)2(η−1φ)−1Mω = 0 (105)
for Dφ spacelike. Otherwise, i.e. Dφ causal, the Lφ 3 and Mω terms vanish;
for the choice (36) also the term in φ.
On the other hand, tracing of the Einstein equation (46) and multiplica-
tion by sig(ξφ)2 leads to:
2LHW + 4LV 4 + 2 (1− 6
α
)Lφ 2 + Lφ 3 + 6φξ
2φ+ sig tr T (m) = 0 (106)
For α = 6 and spacelike Dφ (respectively spacelike ∇ω) the subtraction
of (106) from equ. (105) leads to the simplified scalar field equation (55), of
the main text:
2(ξφ)−2(η−1φ)M ω = −sig tr T (m) − 3Lφ 3
Without the Lφ 2 term and α = 6 additional terms (in φ and proportional
to Lφ 2) would appear.45 On shell of the Einstein equation (58) is equivalent
to the raw scalar equation. For causal Dφ and assuming α = 6, the scalar
field equation is consistent with the Einstein equation only for tr T (m) = 0.
7.3 MOND, deep MOND, and transition regimes
A point is called to lie in the MOND regime, if the Newton acceleration falls
below ao: aN ≤ ao (here aN , aadd denote the norm of the accelerations).
In our approach with additional acceleration aadd =
√
aNao (83) this is
equivalent to aadd ≥ aN .
If we agree to speak of deep MOND regime (dM), if the additional ac-
celeration strongly dominates the Newton acceleration, aadd >> aN in the
sense of, say, aadd ≥ 10 aN (or aadd ≥ 10l aN ), the dM condition is equivalent
to aN ≤ 10−2 ao (respectively aN ≤ 10−2lao).
For ao ≤ aN ≤ 100ao we speak of the upper transition regime from
Newton to MOND. For the ’lower’ transition regime with aN > 100ao the
MOND approximation of W-ST loses its reliability (section 4.1).
45They are called “nuisance terms” in the published version of this paper and in earlier
preprints.
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In short: we have dM for aNao ≤ 10−2, MOND regime for
aN
ao
∈ [0.01, 1],
and the upper transition regime if aNao ∈ [1, 100] (for k = l = 1). For a central
symmetric massM the MOND regime starts at the distance ro =
√
GMa−1o ,
the transition regime at 10−1 ro, dM at 10 r0.
For stars with size of the sun, GM ∼ 105 cm, and with ao ∼ H6 ∼
10−29 cm−1 we get ro ∼ 1017 cm ∼ 104AU ∼ 10−1 pc. For the mass of a
galaxy with Mgal ∼ 1011M, idealized to spherical symmetry, the MOND
regime of the total galaxy begins 5 to 6 orders of magnitude higher, ro ∼
10 kpc, the deep MOND at the outskirts of the disk R1 ∼ 100 kpc. Note that
the stars constituting the galaxy have their own MOND and dM regimes at
the lower scale. In our approach, their scalar field halos contribute to the
total gravitational mass-energy of the galaxy and are crucial for microlensing
effects.
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